Abstract. We obtain stationary measures for the one-dimensional three-state Grover walk with one defect by solving the corresponding eigenvalue problem. We clarify a relation between stationary and limit measures of the walk.
Definition of Our Model
This section gives the definition of our three-state QW with one defect at the origin on Z. The discrete-time QW is a quantum version of the classical random walk with additional degree of freedom called chirality. The chirality takes values left, stay, or right, and it means the motion of the walker. At each time step, if the walker has the left chirality, it moves one step to the left, and if it has the right chirality, it moves one step to the right. If it has the stay chirality, it stays at the same position.
Let with u x,jk ∈ C (x, ∈ Z, j, k = 1, 2, 3) and C is the set of complex numbers. To define the dynamics of our model, we divide U x into three matrices: 
where ω = e iθ (θ ∈ [0, 2π)). Here U G is the Grover matrix given by
If θ = 0, that is, ω = 1, then U x = U G for any x ∈ Z. So this space-homogeneous model is equivalent to the usual three-state Grover walk on Z. Let Ψ n denote the amplitude at time n of the QW as follows.
where T means the transposed operation. Then the time evolution of the walk is defined by
Now let
Then the state of the QW at time n is given by
That is, for any x ∈ Z,
Moreover we define the measure of the QW at position x by
Now we are ready to introduce the set of stationary measure:
where 0 is the zero vector. We call the element of M s the stationary measure of the QW. Next we consider the eigenvalue problem of the QW:
Remark that |λ| = 1, since U (s) is unitary. We sometime write Ψ = Ψ (λ) in order to emphasize the dependence on eigenvalue λ. Then we see that φ(Ψ (λ) ) ∈ M s . Let µ n (x) be the measure of the QW at position x and at time n, i.e.,
If lim n→∞ µ n (x) exists for any x ∈ Z, then we define the limit measure µ ∞ (x) by
Splitted Generating Function Method
In this section, we give solutions of eigenvalue problem, U (s) Ψ = λΨ, by the splitted generating function method developed in the previous studies [11, 3] . First we see that U (s) Ψ = λΨ is equivalent to the following relations:
and for
Here we introduce six generating functions as follows:
Then the following lemma was given by Wang et al. [17] .
We should remark that
Then θ s and θ l (∈ C) are defined by
where |θ s | ≤ 1 ≤ |θ l |. Note that θ s θ l = 1. Lemma 3.1 gives the following lemma which was also shown by Wang et al. [17] .
Here ∆(+) = 2α + 2β − γ, ∆(−) = −α + 2β + 2γ, and
From now on, we find out a necessary and sufficient condition for
First we see that θ
Similarly combining θ
Therefore we have Lemma 3.3 A necessary and sufficient condition for
is that α, β, γ, and λ(∈ C) with |α| 2 + |β| 2 + |γ| 2 > 0 and |λ| = 1 satisfy
(λ + 1) 9α(ω∆(+) − 2α)λ 2 − 6αω∆(+)λ − ω∆(+)(2ω∆(+) − 9α) = 0, (3.5)
We should note that a relation (3.3) is missing in Wang et al. [17] . By Lemma 3.3, we obtain the eigenvalue λ for U (s) Ψ = λΨ as follows. Here we assume that ω = 1, that is, our QW is space-inhomogeneous. Then we have λ = −1, since ω = 1.
(ii) β = α + γ 2 case.
(a) β = 0 case. Combining Eq. (3.3) with β = (α + γ)/2 gives α = −γ. Then from Eq. (3.5) and α = −γ, we have
Remark that Eq. (3.5) is equivalent to Eq. (3.6), since ∆(+) = −∆(−) = 3α. Thus, α = 0 implies
(b) β = 0 case. Combining Eq. (3.3) with β = (α + γ)/2 gives λ = ω. Then from Eq. (3.5) and λ = ω, we have
Similarly, combining Eq. (3.6) with λ = ω gives
Then λ = −1 follows from above two equations. @
We note that α = γ and β = (α + γ)/2 gives α = β = γ. This case is (i-b).
Stationary Measures
First we obtain stationary measures for (ii-a) case with respect to the following λ:
Then we see that for j = L, O, R,
Note that θ j s (±), (j = L, O, R ) do not depend on j and ±, so we put θ s = θ j s (±). Then we get |θ s | 2 = 37 + 12 cos θ ± 20 √ 6 cos(θ/2) (13 − 12 cos θ) 2 .
We should remark that if 0 ≤ θ ≤ 4π with arccos(1/3) = 1.2309 . . . ≤ θ ≤ 4π − arccos(1/3) = 11.3354 . . ., then From Lemma 3.2 for this case, we have the eigenvalues for λ(±) as follows.
Here we note that
Therefore we obtain the following main result:
Theorem 4.1 We consider the three-state Grover walk with one defect at the origin on Z. Here ω = e iθ (θ ∈ (0, 2π)) and α = −γ, β = 0. Then a solution of U (s) Ψ = λΨ with
is given by
Moreover the stationary measure of the walk is
Here |θ s | 2 = 37 + 12 cos θ ± 20 √ 6 cos(θ/2) (13 − 12 cos θ) 2 ,
with n k ∈ {0, 1}.
As a corollary, we give a relation between stationary and limit measures of the walk. If ω = 1, then our model becomes the usual space-homogeneous three-state Grover walk on Z. As for the limit measure for an initial state; Ψ 0 (0) = T [α,β,γ] and Ψ 0 (x) = T [0, 0, 0] (x = 0), the following result is known (see Konno [10] , for example).
Combining this with the corresponding (ii-a) case (α = −γ,β = 0) gives
On the other hand, Theorem 4.1 with θ = 0 and − part (n 1 = 1, n 2 = 0, n 3 = 1) implies
If we put α = ±(2 − √ 6)α, then a stationary measure given by Eq. (4.9) is equivalent to a limit measure given by Eq. (4.8) .
Finally, we give stationary measures for λ = −1. Remark that we see θ s = −1 for this case.
Therefore the corresponding stationary measure is given by
(ii) β = 
Summary
We obtained stationary measures for the three-state Grover walk with one defect at the origin on Z by solving the corresponding eigenvalue problem. Moreover, we found out a relation between stationary and limit measures of the walk. As a future work, it would be interesting to investigate the relation between stationary measure, (time-averaged) limit measure, and rescaled weak limit measure [7, 8] for QWs in the more general setting.
